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RESEARCH MEMORANDUM

ESTIMATION OF RANGE OF STABILITY DERIVATIVES FOR
CUFUENT AND FUTURE PIIOTIESS AJRCRAFT

By Mavrin Pitkin and Hexmasn 0. Ankerbruck
SUMARY

Becanse of the interest in the use of mechanicel-electrical
devices for camputing the stebllity chasracteristics of pllotless
aircraft and grided misglles, en analysis was made of the probable
renge of the stability parameters of present and fubure missiles.

Included 1s & shorit review of the dynmamic theory and some of
the factors and assumptigns influencing the stability deriva.’cives
and equetions of motion.

In perusing this paper, one must remember that the derivatives
are referrsd to the wing dimensions for conversion from forces end
mcments. Becanse some missiles may heve very small wings gompared
to their bodies, the relative megnitudes of the derivatives (for &
specific aircraft) with respect to each other are of more gignificance
than thelr absolute magnitudes.

INTRODUCTION

The mathematlcel solubion of the stebility of an automaticslly
gulded and stebilized missile involves & number of assumptions ccn=
cernlng the autcnatic pilot and -is tedliove snd complex and requires
mathematical skill pot oxdlnarily availebls. Intersst has, thers-
fore, centered upmm *the use of "analogue” devices which duplicate
the stab;..:_ity of the nissile under Invesiigation by mechant cal,
electricel, elosoirenic, or other physival meaas. These devices are
usvally sc arranged as tc- obtain mowlsiss of & missile's motions
followling a disturbance by dlirsct messursuent.

Ons such device is celled a "flight table" end is & mechenicel
end electrical arrangement which includcs ihe autometic pllot of the
missile under investigntlom ag part of its mecna_nism. In order %o
duplicate propezuy the gba l:u-,:g rql;g;: 1l ; - the miggile with
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device, 1t 1s aleo necessary to provide for duplication of

the aerodynemic and mass characteristice of the missile. The
remainder of the text presents the results of a survey made to
eatimate the probable range of the stability parameters of existing
and fubure missiles in a form suitable for the design of a flight

table.
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SYMBOLS

mass, slugs (W/g)

welght, pounds

acceleration of gravity, feet per second per second {32.2)
sidewlse veloéity, feet per second (positive to the left)
forwvard velocity, feet per second

wing area, square feet

wing span, feet

time, seconds

tail length, feet (dlstance fram center of gravity to center
of presesure of tall)

mean aerodynaemic chord; feet

incremental velocity, Peet per second (AV)

dynamlic pressure, pounds per square foob (é‘pVE)

lift force, pounds
drag force, pounds
pltching moment, foot-pounds (positive nose up)

1ift coefficient (Ll‘q_os) and (W cos 7 cos ¢/QOS)
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drag coefficlent (ZD /q,os)

ffective thrust)

B
effective thrust coefficient ( .5
(o)

pitching-moment coefficlent (M [qOSc)

normal force, pounds (positive downward)
longitudinal force, pounds (positive forward)

normal-force coefficient (z;qos)

" longltudinal-force coefficient (x[qos)

lateral-force coefficlent (Iateral :E‘orce)

Q.OS
| | Rol moment
rolling-moment coefficlent olling :
g Sb
yaving-moment coefficilent (?a“izséiomenu)
. o i

" mass density of sir, slugs per cublc foot

angle of attack of aircraft reference line to flight path

inclination of sircraft reference axis firom horizontal plans
(fig. 1) :

engle of sideslip (;_-:)

angle of yaw
angls of bank

pitching sngular velocity (E)
dt

&
yawing angular velocity (—ﬁ;—)

CQlEemerr
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d
rolling angular veloclty 5‘%)

Inclination of longitudirel principal exis from aircraft
reference line (fig. 1)

inclination of flight path from horizontal

inclinatlon of longitudinal principal axis from longitudinal
stebility exis {(n =6 -y - €}

control surface d.eflection,l positive when trailing edge moves
downward or to left

radius of gyratlion about principal longitudinal axis, feet
radius of gyratlon about principal normal axis, feet

radive of gyratlion about Y-axis, feet

% Yy ky
b

» Bzp=gy Ky=1%.

relative density of airplene (m/pSbh)
relative density of airplane (m/pSc)
'bV)

b
nondimensional time parameter (-E-Y-

nondimensicnal time paramster

differential opsrator (%—-)
8

differential operator (9'__)
dsg

™ 7,

Cg
=507 CZyr =TSmOy v
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Subacripts:

a alleron
r rudder
W wing

THEORY

The dynamics of mechanical flight are assumed amenable to
analysis on the basis of the theory of small cscillaticns. On this
agssumption then, one equation is written for each degree of freedom
of the motion. Simultaneous solution of the equations permits cal-
culation of the motion of the airplene after a disturbance. The
terms defining the changes in serodynamic forces and moments due to
a deviation are referred to as "stablility derivatives” and are
paertial derivatives.

Assumptions.- In the application of the theory the following
asgumptions are made:

(1) The combined aerodynamic sffect of two or more components
of motion is sssumed equal to the algebralc sum of the separate
effects of the individual componsente.

(2) The changes in serodynamic forces and moments due to a
deviation are assumed directly propertional to the deviaticn (that
ig, the stebility derivatives are constants).

(3) Secondary effects such as those involving the products of
two or more second-order quantitles are neglected.

(4) The values of the aerodynamic facters are assumed tc be
unaffected by the linear snd apgulaxr accelerations,

(5) The lateral motion is assumed to be independent from the
lonzitudinal motion.
Ecuations of Lateral Motion
The nondimensional equations for laterel motlon can be written

for the azimuth orlented flight-path axes (stability axes) shown iIn
Flgure 2.

OO,
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These take the form of
(@ Qo

Czar 51. + (CISCL + CzDSG D) SCG -+ CZBB + %CZP DG’ + 2%11‘ ¥

= 2u [(Kxe cosPn + Kze sina-q)ngé + (KZQ - E’xe) cos n 8in q szy] (1)

() > o

1 1n o o X
(Cnar + §Cn1>5r D) B, + Cnam 3, + anﬁ. + 5Cny, f + oo, ¥

= Epl:(KZE cosgn + KXE sinan) Doy + (KZE - Kxe) cos m sin g D2¢-l (2)

S
1 . 1 -
(chr + -2-cYDar D) B + Org_ Sg + Cygh + Eoyp DY - %-cyr Dy + Crff

+ Cp¥ tan ¥ = 2u (DB + DY) _ : (3)

where &, +the control movement czused by the gyro, is usually a
function of ¢ and V. Similtaneous solution of the differential
equations (1), (2), and (3), will define the lateral motion of an airplane
after disturbances in terms of the variableas _¢, ¥, and B pro-
vided thet the stability derivatives Cnﬁ, C-LP, and so forth and

the mass and dimensional characteristice of the missile under investi-
gation are knowm.
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Equations of Longitudinal Motion

The equations of motion of a flying body about ite longitudinal
£light axes may be written in the form

(a) ZCX

(CXB + %c;;% ;Dc) 5

EX

' X
Cxu,u A (cch. + %CXDQ:, :P_c)d‘

1
+ (CXG o+ Equ Dc)e 2u,, Dcu' (4)

A y 1

+ (ng + %Czq Dc>6 = 2u, D, (o - 6) (5)
(c) Zcm

\ (e L
(e * Fume ) 2 + Gun” + (g * Fom, 7o) =

As In the case of the lateral motioms - 8, the control deflection

induced by the automatic system, is some function of the missile

variables u', «, and 6. Note that u''= g.v-
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ESTTMATTON OF RANGE OF STABILYTY DERIVATIVES
Lateral-Stability Derivatives

A summary of the lgteral-stahlllity derivatives for several
gpecific subsonic migslle designs is glven ss table I. All angles
herein discussed are besed on redlsn measure.

Side-force derivatives (equation (3)) .~ (a). Cyg: Velues of Cyg,

measure Of the lateral force created by sideslip, for typlcal missile
designs are glven in table Y. These datn show that missiles designed
along proportions of pursult-~-type e.irpl:mes have CYB values of the

order of -0« In general, however, missiles have relatively -large
fuselages with respect to thelr wings and hense have greater side
aree to resist sideslipping and also a omaller wing area on W ch to
base the cosfficient. Miss;.le no. 7 of teble I [Cyp = -5.15

misslle no. 3 of teble I gy = =458 11iustrate modern trends 1n'

this dirsction. Tn order allow for future deslgns, therefore, 1t
le vecommended that provision be made to allow for a CYB range of

* ‘10 co < CYB < 0
('b) C and. These derivatives are usually very °
Dg? o’

small rela:bive to the other lai.eral derivatives and axrs genere.lly
disregarded.

Side force due to_swbomatlc control.- (c) Cyg: The side forces

created by auntomatic control cen be representod by 8 -a—a— or 801-5

vhere B cen be a function of ¢ or V¥ or both. No provision
need be made to simmlate & since this is automa.tica.lly taken care
of by mownting the autocontrol om ths flight table in the proper
menner. However, 1t ls necesssry to duplicate CY This parameter

depends on the type and size of control surface or uni'b used ocn the
nisgile. Generally speaking, alleron doflection causes no side-
Porce change. - Application of rudder control will, however, intro-
duce side forces. At least two gulded missiles have utilized an
autocontrol providing side-force changes with control deflection.
The values for these two missiles are

TN
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0.516 Missile no. 3, table I

CYS

Cyg = 1.60 Miesile no. T, table I

The larpger value represents the side force created by deflection of
an all-rovable tail surface, the other the side force created by a
typlcal trailing-edge control. In geuging the range that tais
derivative cen cover, it appears that the maximum will be reached by
an all-movable wing. The glde-force derivative will therefore be
equal to the lift-cwrve slope of the wing. The maximum valus of
lift~curve slope is obtained on wings of iInfinite agpect ratio and
is theoretically equal, to 2x per radian. Near Mach number = 1.0,
the lLift.curve slopess of lower aspact ratio wings increase con-
g82deiably, but probably none would have a lift-curve slope greater
than 6.0. Consequently, the range of OYG covered by the Ilight

table snould be

-6.0 < Cy, < 6.0

It appears that this range will also cover the side forces created

b a swiveling Jet nozzle, or deflected Jjet. The side force developed
by & nozzle delivering & thrust T and deflected 1 radian ls approxi-
mately equal to the thrust which ls the same order as the drag at

top speed. In coefficient form then GYS = Ip' = Cp, appreximately.

On missiles designed for high speed the drag coefficient should not
exceed 0.1 and hence the range of GYB previously noted should

readlly encompass ﬁhe awlveling-nozzle-type ccntrol.

Yawing-moment derivatives (equation(@).~ (a) CnB: This parameter

determines the weathercock stabllity of the missile. The values pre-
sented in table I show that fighter-type missiles have a value of Cp

0® about 0.075. Milaslles having lerger fuselage lengths relative "to
thelr winge have larger values of -Cn ng ranging up to 0.5. Preosent

trends in missile design indicate that the wing.aspect ratio of some
miesiles is llkely to decreese in the fvture. The espect ratio A is

sgual to spangfwing area and can be reduced by a decregse in spen or

sn Incresse in wing srea. A decresss in span is more probable than -
an increase in ares inssmuch as wing sreas are llkely to be decreased
to permit higher speeds at low altitudes. Bec°use C is dependent

on wing dimensions for its magnitude C (V qu it ls not unlikely

Gallliiiiiaeb
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thet Cnﬁ for designs of the future will be from two to four times

as large ss present-day values. The recommended range of Cna is
therefors

2.0 < CnB < 2.0

() Cn,t Values of this derivative are shown in teble I. These

data show that the Cnr of a fighter-type missile is about -0.2 but
that the average is considerasbly larger. Values of Cp, equal

to -0.66 and -0.55 were obtained for the large fuselage designs
(missile no. 3 and missile no. 5 of Hable I). It is possible to
eatimate the probable range of Cnr from the previocusly estimsbed

range of CnB as follows:

The contribution of the Mngs:énd.fuselage to Gnr is generslly
negligible and the tall contribubions can be expressed as

bnr - -2%-(Mnﬁ) Tail

Beocause (Mnﬁ)‘l'ail is generally about gcnﬂ and assuming & tail ’
lengbth equal to two times the wing siaan,

The range of Cnr would therefore be of the order of 12.0. It is

concelvebhle that some missiles wlll be eguipped with fore as well
gs aft fins. In such cases CnB will not be so large. The
recoamended range is therefore

-12.0 < O, <0

It should be pointed out that positive values of Cnr cannot be
obtained asrodynmamically -below the stall.

(c) Cn,t Values of Cp, sre presemted in table I for present-
doy designs. These data ghow that Cnp is8 quite small with respect
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to the other derivétives previously discussed. Even when a missile
" is operating at high 1lift coefficient in a turn, it appears unlikely
that values of Cn, greater than -O. 4 could be reacned. It is

possible that in some unusual cases positive values of CnP could

be obtained. This could happen on highly sweptback wings or at high
1ift coefficients if asymmetric stalllng takes place. Reccmmended
range for G, P

0.k < Cp, < 0.4

{d) Cﬁs: Yewing moments cen arise through use of either the

gileron or rudder control. The aileron moments, however, are small
compared to those created.by rudder.. Typical values of Cnar for

modern missiles are of .ths.order of ~0.1. The previously estimated
range .of Cyg may be used to estimate the range Cnar from the

relationghip Cnar —-CYS. Assuming -the maximum tail length to be
egual to two times tha wing gpan, Cnsr has a range of values twice
ag large as Cyy« Hence, 1% is recommended that

-12.0 < Ons,_ < 12.0

Rolling-moment derivatives (equation(l}.- (a) C;B: This deriva-

tive 18 the asrodynamic equivalent of wing dihedral. The values
of CZB showm 1n table I show that CZB ranges up to -0.1h3 for

modern dealgns. However, 1t 1s entirely probable that higher values
then -0.14 may be obitained in the future, particularly with highly
sweptbock wings on high altitude, long range missiles operating at
falirly high 1ift coefficients. Therefore, the recomended range

of Czﬁ is

“0.5< Cyg < 0.5

(b) CZP: Valves of CZP are shown in teblé I. This informa=-
tion shows that CZP is of the order =O.l. Clp is elmost always
negative below the sball and 18 primarily determined by the aspect



NACA RM No. L7E29 SR, ‘ _ N i3

ratio of the wing. Since the present trend ls to decrease aspect
ratio, CT’P sghould also decrease; hence, the followlng range should

cover fubure deslgnsi

-0.7 < Gy, < 0.2

(e) Czi‘: _Values of €3, are shown in table I, These data show
that Cy,, ranges up to about 0.2. C3,.  is always positive below the

stall and is approximately equal to Crf3. It appesrs that a satis-
factory range of C;r is

»

-0.1<Cy, <0.8

(a) Cyg The aileron conbrol is the chief source of rolling

moments cn conventional designs. Typical values for the rolling
moments created by such controls on the aircraft in table I are of
the order of -0.1h. In general, automaticelly controlled missiles
do not require a large emount of aileron control for stabilization
or maneuverability. However, fubture designs mey require large
amounts of lateral control. In order to be conservative, thersfore,
provision should be made to cover & rangs of

-1- < C l <‘lv
This estimate includes the extreme case of two wings of infinite

agpsct ratio deflected dlfferentially to produce lateral control.

Miscellaneous information.- (a) Ky: The radius of gyration (in
span lengths) about the X-axis will never excesd 1.0. Therefors,

0< Ky < 1.0

KZ: This factor is moderately gnall for missiles compared to alr-

Planss owlng to the fact that most of the missile mass is concen~
trated near ite center of gravity. However, this may not be txrue in
the fubuwre as present trends are to instsll heavy power plants in
the rear of the missile. The recommended rangs is therefore

O<KZ<5.O

TN
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(b) u, reletive density parametert: A convenient nondimensional
ness paramcter scmetimes employed in theoretical calculations is the

relative density ratio u = -—ms—b-. As missile welghts and altitudes
o)

are increased, and wing areas and spens lessened, this parameter

increases.

A normel value of u for a conventional airplene is about 10.0.
For missiles, the average is about 100 and has been as large as 200.
Tt appears that u values as large asg 500 are not wnlikely in the
future. AL high values of u, above 500, large incresses in thise
perameter cause negligible changee in the conditions for neutral
stabllity in the osclllatory mode.

Lorngltudlnal Derivetives

Longlitudinal force derivatives (eg_.gation@)).- (a) %‘: This

derivative is a function of drag coefficient and thrust coefficient
and wvill be of & magmitude of about twlce these parameters. A
typical valus is about -0.058 for the JB-2 in level flight. In
order to provide a safe margin for futurs designs the recommended
range of Cxu. is

"i.O <CX11' < 1-0

(b) Cxy: This derivative is approximately egual to _cDo:.'

Missileas may fly for short periods of time at fairly high values
of Cr, and hence rather high values of Cp o 18T be cbtained. It

therefore seems desirable to cover a range of Cxu, of
2.0 < me < 1.0

() Cx,: This derivative reaches a maximm in horizontal flight
vhen it is equal to Op, but opposite in sign. It will always be
smaller then CXa'

Recommended range for Cxe is
~1.0 < CXG < 0.5

SN,

-n
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(&) Cxgt In general, the longltudinal force change caused by & .

control deflection is negligible compared to the longitudinal forces
created by alrplane motion. However, if the wings themselves are
used for control this factor could be of the crder of Cp,. Hence,

recommended rangs for CX& is
"'2.0 < CXS < 2-0

(o) CXDG’ CXDS’ CXq_: These derivatives are usually small in

comparison to the others and are generally neglected. However, it
is possible that they may bscome large enough tc be considered and
are Iincluded in the equations for completeness. -

Normal-force derivatives (equation(5).- (a) Cz,.¢ This deriva-

tive is approximately equal to -207,- Hence, the recommsnded range
for Czu'is

-2-"'.- < czuf < 2.1!'

(b) CZQ-,: Cz, 15 approximstely equal to -Cr. L, is e
maximum at 2nx for wings. However, as in the.case of CYB’ the

fuselage 1lift should be.considered. Hence, the recommended range
for CZ& 1s

-10 < CZG- <0

(c) Cz,t This derivative is & maximm in level £light when it
is spproximately aqual +to CI'a. but opposite in sign, hence its range
ig ' -

~10.0 < CZQ <0

(2) Czgt Czg, like Cgg, 18 gemerally small with relaticn to

the forces caused by airplane motions. However, certain missile

designs have utilized their wings for longitudinal control and, under
certain circumstances, this factor could become appreciable. Tha :
extreme value of Czs would be reached in the case of an all-movable

ConT———
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wing, where CZg, would be of the order of the lift-curve slope of
the wings. Hence the recommended rangs of Cy, is

(o) C?»Dm’ CZDa’ ch: These derivatives are usually amall end

are generally neglected.

Pitching-moment derivatives (equat_ion 6.~ (a) Om,:* This

derivative ig largely a function of the thrust and its moment arm.
A value of Cmy: of -0.038 has been estimatad for missile no. 2

of table I.

' Recommended range of O, is
-015 < Cnhl < 015

aCp a0y
(b) Cpmy: Cmg, i approximately equal to CLG-&E—I-' T

resent-day d.esighs can be as large ag 0.25 and may become positive
unsiable). Typical values of Cp,, for several modern missiles

range from ~0.40 to ~-0.80.

Recommended range of Cma 1s
“4L.0 < Ce, < 2-0
c t The derivéfive C arises because of the la
{c) qud. D, g

between the change in angle of attack at the wing and the corre-
sponding downwach at the tail. Following are values of CmDm:

Misslle no.

(see table I) CmDa,
l "6'00
2 '6t25
5 "5-62
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A satlsfactory range for CmDa ﬁould. be
“20.0 < < 0
Cupy

(a) qu: This derivative denotes the rotary damping in pitch.
A summary of existing Cmq data indicates that this parameter is

rerely greater than -15.0 for conventional aircraft. For nissiles
with large horizontal talls with respect to their wing eres, larger
values of (','mq conld be expected. Hence, the recommended range.

of Cmq ise . . . e

-50.0 < Cmq< 0

(o) Cpgt This derivetive is a function of the elevator effec-

- tiveness and its linkage to the aubomatic control. On normal type
elevator controls a value of Cmﬁ of the order of -1.0 18 not
s

. unccrmon. The exXtrems case would arise where an all-moving wing or
’ teil 1s used for control. For this case, '

S
Cug = CLg%s

Assuming a tail length of 2-¢hord lengths the recammsnded renge
of Cm8 is, ' ‘ o

~12.0 < Cpg < 0 .

() CmDS: ‘This derivative could beccoms nearly as large as Cchx,-
on a tallless missile with all-movable wings. The recomended range
is _ .

Bce ous information.-~ (a) Eg"?: This factor is & measwure

of the mass characteristics of the missile and is about 2.0 —» 4.0

GO
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for the average missile. Provision should be made to allow a
rangs of '

m
psV E

to provide a safe margin for future designs which may operate at
very hlgh albitudes.

(b) Kyt This factor should be of the same order of magnitude
a3 Ky. The recommended range is therefore

(e) Bo? Mg = Eg-. Values of this parameter as high as 40O
. o . g
have been cbtained. It is belleved that values of u, -up to 1000

should be consgldered.

If it is considered necessary to include the cross derivatives;
that is, those parameters normally associated with the longltudinal
equations which are affected by lateral dilsplacements and vice-versa
(Cmp, Czq, QDB, etc.), these values cen be easily determined and

subegtituted into the equations Iin the syppropriate places. In order
to acoownt properly for these cross derivatives, however, the right
members of equations (1) to(6)must be generalized by including the .
terms depending upon combined longltudinal and lateral motion.
Including these terms 1s squivalent to elimineting assumption 5,
page 6. Two of the most important of the cross derivatives are Cmp,

which at a maximum would equal -Cnp, and QDB, which would
equal GDm for & cruciform alrcraft configwration. Other cross
derlivatives can be estimated from simlilar considerations.

CONCLUDINNG REMARKS

The values of the parameters glven here are only approximate
and cover & much wider range than most missiles and pilotless ailr-
craf't will obtein. However, some of the parameters may increéase to
a value of infinity under certain conditions. Under these conditions,
rarticularly at very high altitudes in tenuous air, the concept of
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dynemic airplane stebility as it is seen today is altered scmewhat,
snd the aeroiynemic forces arising fram the inherent stebllity of
the aircraft became sccondery to the mess forces and moments and o
the manen'bs end forces caused by control deflscticm.

langley Memorlal Aerona.utical Isgboratery
Netional. Advisory Comntttee for Aeronautlcs
Iaengloy Fleld, Va., May 22, 19L7



TABLE T

Suxmary of Lateral Stability Derivatives for Various Miasiles

el ihdbisbdduly
Mimsile Mumber 1 2 3 I 5 [ T 8
D <:"g§> c:S:% ] c%—:_g
“Welght 2Ll 2642 600 q60 1500 1500 . 883
Area
(sq £%) 33.0 58.7 5.8 19.9 1.1 39.0 8.5
m?na?m 12.0 17.0 5.0 11.0 8.5 1.2 5.5
Or, 0.6 -0.35 ~L.58 -0.63 -0.50 -0.lo ~5.15 -1.36
0,183 0.085 oz 0.126 0.036 0,075 qt._'gw 0.0
cn’ . - to . L] - g.lhé . 3
Cop. -0.340 =0.200 ~0,665 -0.337 ~0.550 -0.215 0,007
cnp =0,026 =0.010 -.0042 ~.0256 -.0022 -.0190
Crq -0.069 -0.03% -0,109 -0.113 -0,060 ~0,022
Gt -0.b3 =0.16 =0.L2 =0.h3 ~0,37 -0.40
C1e 0,147 0,058 0,017 0.165 0,019 0.076
NATIONAL ADVISORY
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Note :
Longitudinal principal axrs 13 axis of least /hertia.

x\r\'{\
I

Horizontal plane
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Figure / .= Longitudinal axes of aircraft
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Wind oirectron
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NACA RM No. L7E29

Wind dtrectrorn
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Figure 2. — system OF srablliity axes
positve dwectrons of momenrs,
surrace der/ecrions .
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